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Abstract
In this paper the numerical simulation of a metamaterial de-
signed with transformation optics for hiding scattering objects
is presented. The simulation environment is Matlab with the
Partial Differential Equation Toolbox. The anisotropic and in-
homogeneous electric permittivity and magnetic permeability of
the metamaterial cloak are presented and transformed to fit the
input requirements of the applied finite element solver. We show
that the electromagnetic cloak is working not only under elec-
tromagnetic plane wave illumination, but it can hide objects ex-
posed to point and line sources as well.
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1 Introduction
The interaction of electromagnetic waves with matter is gov-
erned not only by its chemical composition, but micro or nanos-
tructuring of materials can produce novel properties, which are
not available in bulk form. In the research field of plasmon-
ics [1], metamaterials [2, 3] and photonics crystals [4], nanos-
tructures often with similar geometry are used to engineer new
devices, which can extend the limits of lithography [5] and sub-
wavelength imaging [6], cloak scattering objects [7], enhance
the performance of sensors [8] and extend the bandwidth of in-
terchip communication [9].
Artificial structures with the goal to fulfill a required elec-
tromagnetic behavior have been engineered for several decades.
For example, antireflection coatings can produce a smooth tran-
sition of the refractive index at the interface of two dielectric
media in order to minimize the reflection of electromagnetic
waves. Electromagnetic screening can be produced with metal-
lic structures (e.g. wires) to create a space free of electromag-
netic radiations. In these examples the required behavior is ob-
tained with the control of the electric permittivity. The research
of metamaterials has started with the goal of producing mate-
rials with negative refractive index that is simultaneous nega-
tive electric permittivity and magnetic permeability for optical
imaging without diffraction limit. Nowadays the metamaterial
research extends in the direction to engineer arbitrary electro-
magnetic material properties. The possibility to manipulate not
just the electric permittivity, however the magnetic permeability
of artificial materials leads to novel applications and devices.
Recently electromagnetic cloaking of highly scattering ob-
jects has been successfully demonstrated, by designing the ma-
terial parameters of a surrounding envelope with the method of
transformation optics [7]. Cloaking means not just the elimina-
tion of the reflected component of the electromagnetic waves,
which could be realized with a perfectly matched absorbing me-
dia. However, it is necessary to guide the flow of electromag-
netic waves around the scattering objects to produce the illu-
sion for arbitrarily positioned sources of electromagnetic radi-
ation and observers that there is no scattering object. The full
anisotropic electric permittivity and magnetic permeability ten-
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sors are required to control the electric and the magnetic com-
ponents of the electromagnetic radiations in order to hide the
scattering objects.
The transformation optics is a new approach to the design of
electromagnetic structures, by which the paths of electromag-
netic waves are controlled by introducing a prescribed spatial
variation in the effective material parameters [10, 11]. The ma-
terial parameters required to guide the electromagnetic waves at
the will of designers are determined with a conformal mapping
[7]. The method of transformation optics is similar to the trans-
formation, which describes how gravity warps the space-time
in Einstein’s Theory of General Relativity. The way to control
electromagnetic waves is through a coordinate transformation
between the real-space and a virtual-space, in which the wave
trajectories are prescribed by the metrics of this non-real space.
Cloaking of scattering object has been shown at microwave
[7,13,14], terahertz [15] and even at optical frequencies [16,17].
The method of transformation optics has been successfully ap-
plied to design plasmonic devices as well [12]. Although the
exact effective material parameters can be calculated with a suit-
able transformation [7], they often cannot be implemented be-
cause of the possible singularities in the spatial distribution of
material parameters and limitations of fabrication technologies.
The challenge of the engineer is to find a suitable transforma-
tion, which leads to implementable material parameters.
The anisotropic and inhomogeneous material parameters of
the cloak can be constructed with layers of split ring resonators.
The experiments show, that this configuration can hide the scat-
tering cylinder for a monochromatic plane wave illumination
[7]. At optical frequencies it is difficult to cloak a scatter-
ing object located in air for a non-monochromatic illumination,
but working optical cloaks has been demonstrated for scatterers
buried in a high dielectric media [16].
In this paper the material parameters of the electromagnetic
cloak are presented under the condition of plane wave exposi-
tion and transformed to fit the requirements of the Matlab Par-
tial Differential Equation Toolbox. It is demonstrated that the
cloak is working properly under illumination with finite length
sources as well.
2 Model description and the material parameters
To simulate the electromagnetic cloaking the Matlab Partial
Differential Equation Toolbox, a general frequency domain fi-
nite element solver is employed to solve the anisotropic, inho-
mogeneous wave equation
∇ × (µ−1r ∇ × E) − ω2µ0εrε0E = 0 (1)
derived from the Maxwell equations, where E is the intensity
of the electric field, ω is the angular frequency, ε0 and µ0 are
the permittivity and permeability of the free space, while εr and
µr are the complex inhomogeneous relative permittivity and per-
meability tensors. Note that this paper employs the eiωt notation.
The concealed scattering object is a copper cylinder stand-
ing in air with infinite length along the z axis of the real-space.
Therefore the problem is invariant in the z direction, with the
condition ∂/∂z = 0. When the illumination shares the same
symmetry, the Maxwell equations split in two unconnected sub-
sets of partial differential equations, called TE and TM modes,
which have analogue solution. The components of the TE mode
in the rectangular coordinate system of the paper are Ez,Hx,Hy.
As the problem is solved in frequency domain, the electric and
the magnetic field components are complex functions. The com-
putational space reduces to a two-dimensional domain, which
can be solved in polar or Cartesian coordinate system with the
wave equation in Ez
∇ × (µ−1r ∇ × Ez) − ω2µ0εrε0 = 0, (2)
where Ez is the electric field in the direction of z.
The geometry of the cylinder, the frequency and the polar-
ization of the illuminating electromagnetic wave are similar to
those of [7], where the cloaking under plane wave illumination
is demonstrated. In this paper line sources and superposition of
line sources are considered as excitation. The line sources are
placed parallel to the axis of the cylindrical scattering object as
it is presented in Fig. 1. Therefore two-dimensional models are
sufficient to simulate the evolution of the electromagnetic field
in the computational space. In the two-dimensional computa-
tional space the line source reduces to a point, which generates
cylindrical waves and the plane source reduces to a line, which
creates a superposition of cylindrical waves.
To obtain the parameters of the cloak, the metamaterial sur-
rounding the copper cylinder is designed with transformation
optics [7, 18]. The coordinate transformation between the real-
space real and the virtual-space is
r′ =
b − a
a
r + a, θ′ = θ (3)
with the constraints 0 < r < b, a < r′ < b, where r is the
radial polar coordinate in the real-space, r′ is the radial polar
coordinate in the virtual-space, a is the inner radius and b is the
outer radius of the cloak.
Solving the Maxwell equations with the coordinates of the
warped space the parameters of the metamaterial can be calcu-
lated. The resulting cylindrical coordinate-based tensors [7] are
εr = µr

r − a
r
0
0 r
r − a 0
0 0
(
b
b − a
)2
r − a
r

. (4)
For TE mode the electric permittivity reduces to a scalar
εr =
(
b
b − a
)2
r − a
r
, (5)
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a. b.
Fig. 1. The geometry of the investigated arrangement with the copper cylin-
der and the surrounding electromagnetic cloak is shown. In (a) the excitation
is the line source, while in (b) the configuration is illuminated with electromag-
netic wave generated by the plane source with finite connfiguration extent.
and the magnetic permeability has the form
µr =

r − a
r
0
0 r
r − a
 . (6)
The numerical solver of Matlab calculates partial derivatives
along the Cartesian bases. Therefore the tensor of the magnetic
permeability is transformed to Cartesian coordinatesµxx µxy
µyx µyy
 = R−1(−θ) µrr µrθ
µθr µθθ
 R(−θ), (7)
where R is the rotation matrix around the z axis
R(α) =
cosα − sinα
sinα cosα
 . (8)
The coordinate transformation is illustrated in Fig. 2, where
the position vector r is plotted with red, the blue represents the
magnetic field intensity vector, the orange denotes the compo-
nents of the magnetic field in polar coordinates, while the Carte-
sian components of the magnetic field are shown in green.
The magnetic field intensity in Cartesian coordinates can be
obtained with the rotation of the polar base by θ in clockwise
direction. The inverse of the rotation matrix is equal with its
transpose, and R(−θ) = RT (θ), therefore
µxx µxy
µyx µyy
 = cos θ − sin θ
sin θ cos θ


r − a
r
0
0 r
r − a

 cos θ sin θ− sin θ cos θ
 .
(9)
After the matrix multiplications, the Cartesian components of
the magnetic permeability tensor in a point of the cloak with
Fig. 2. Transformation of the magnetic field intensity from polar to Carte-
sian coordinates with θ rotation in clockwise direction.
coordinates (x, y) are
µxx =
r − a
r
cos2 θ +
r
r − a sin
2 θ,
µxy =
r − a
r
cos θ sin θ − r
r − a sin θ cos θ,
µyx =
r − a
r
cos θ sin θ − r
r − a sin θ cos θ,
µyy =
r − a
r
sin2 θ + r
r − a cos
2 θ,
(10)
where the distance r =
√
x2 + y2 and the angle θ =
arctan(y/x). The computational cost of the trigonometric func-
tions can be avoided with the following relations
sin
[
arctan
( y
x
)]
=
y
x√
1 +
( y
x
)2 ,
cos
[
arctan
( y
x
)]
=
1√
1 +
( y
x
)2 .
(11)
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Fig. 3. The computational domain and the triangular mesh. The scattering
object (copper cylinder) is denoted with 1, the metamaterial cloak is 2, the sur-
rounding air region is 3, while 4 is the line source, which is implemented with
inhomogeneous Dirichlet boundary condition.
In order to fabricate the metamaterial cloak, further simplifi-
cations of the material parameters (5) and (6) are required. The
exact material parameters can be approximated with a reduced
set of material parameters [7], which has the same dispersion
properties as (5) and (6) in the form of
εr =
(
b
b − a
)2
, µr =
( r−ar )2 00 1
 . (12)
These expressions can be transformed to a similar form as
(10).
3 Implementation of the boundary value problem
In the general anisotropic, inhomogeneous wave equation (1)
the inverse of the relative magnetic permeability tensor appears,
which in Cartesian coordinates takes the form
µ−1xx =
r − a
r
sin2 θ + r
r − a cos
2 θ,
µ−1xy = −
r − a
r
sin θ cos θ + r
r − a sin θ cos θ,
µ−1yx = −
r − a
r
sin θ cos θ + r
r − a sin θ cos θ,
µ−1yy =
r − a
r
cos2 θ +
r
r − a sin
2 θ
(13)
and substituting the material parameters in (1), results in the fol-
lowing explicit form
∂
∂x
(
µ−1yx
∂Ez
∂y
− µ−1yy
∂Ez
∂x
)
−
∂
∂y
(
µ−1xx
∂Ez
∂y
− µ−1xy
∂Ez
∂x
)
− ω2µ0εrε0Ez = 0. (14)
The template of the Matlab PDE Toolbox equation is
− ∇ · (c∇u) + au =
− ∂
∂x
(
c1
∂u
∂x
+ c2
∂u
∂y
)
− ∂
∂y
(
c3
∂u
∂x
+ c4
∂u
∂y
)
+ au = f , (15)
where u is a complex scalar function, a and f are scalar pa-
rameters and c is the matrix parameter of the equation.
Comparing (14) and (15) the correspondences are
c =
c1 c2
c3 c4
 =  µ−1yy −µ−1yx−µ−1xy µ−1xx
 ,
a = −ω2µ0ε0
(
b
b − a
)2
r − a
r
,
f = 0
(16)
and the scalar function u corresponds to the Ez component of
the electromagnetic field.
To simulate the electromagnetic wave propagation the open-
bounded space has to be truncated to a finite region. The compu-
tational domain is enclosed by reflectionless absorbing bound-
ary. In this paper the Perfectly Matched Layer (PML) and the
Sommerfeld Absorbing Boundary Condition (ABC) are used.
The PML is a wavelength thick artificial absorbing layer
around the examined region, which can be implemented in the
Matlab Partial Differential Equation Toolbox with the operator
∇′ =
2∑
k=1
xˆk
1
1 + iσ(xk)
ω
∂
∂xk
, (17)
and the absorbing function is
σ(xk) = c
x˜k − xk , (18)
where xˆk are the unit vectors of the Cartesian coordinate sys-
tem, x˜k are the components of the position vector at the border
of the PML in the xˆk direction, c is the speed of light in vacuum,
ω is the angular frequency and i =
√−1 is the imaginary unit.
In case of the Sommerfeld ABC the computational domain
can have circular form. The expression of this boundary condi-
tion for TE waves is
lim
r→∞
√
r
(
∂Ez
∂r
+ ikEz
)
= 0. (19)
In two-dimensions this relation can be expressed as
∂Ez
∂n
+ ikEz +
Ez
2R
= 0, (20)
which is a modified Neumann boundary condition, where n is
the outward normal vector of the border, k is the wavenumber of
the outgoing electromagnetic radiation and R is the radius of the
circular computational domain.
The PML is highly performing boundary condition; however
the Sommerfeld condition fits to the circular symmetry of the
current problem. The equations implementing the PML and the
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Fig. 4. In (a) the electromagnetic wave generated
by the finite length line source is shown, while (b)
presents the scattering from the bare copper cylinder.
The simulations of (c) and (d) demonstrate the elec-
tromagnetic cloaking with the exact and the reduced
set of material parameters.
(a) (b)
(c) (d)
Fig. 5. In (a) the wave pattern is illustrated in case
of a single point source, while (b) shows the conceal-
ment. For two interfering point sources the electric
field distribution is plotted in (c), while (d) shows the
electromagnetic invisibility effect.
(a) (b)
(c) (d)
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Tab. 1. This table presents the equations, which implement the PML and
the Sommerfeld ABC to truncate the computational domain. In the first row the
Matlab expressions of the partial differential equation and the Neumann condi-
tion can be seen, while the second row presents the coefficients.
PML Sommerfeld
−∇ · (c∇u) + au = f cn∇u + qu = g
c = diag
(
1
1+iσ(x) ,
1
1+iσ(y)
)
c = 1, q = ik + 12R , g = 0
Sommerfeld ABC in the Matlab Partial Differential Equation
Toolbox are summarized in Table 1.
The sources of the electromagnetic radiation can be intro-
duced in the computational domain with inhomogeneous Dirich-
let boundary condition for the line and also for the point sources.
The magnitude of the incident electric field is considered equal
to one. The computational domain includes the scattering ob-
ject, the cloak, the line source and the PML region as shown in
Fig. 3. The inset presents the triangular mesh of the calculations
in a region of the scattering object and the cloak. This mesh is
obtained after four steps of refinements.
The Matlab code, which implements the presented procedure
can be downloaded from [19]. After the mesh generation and
refinement, the software calculates and plots the real part of the
electric field intensity Ez. To investigate the steady-state behav-
ior of the cloak, the frequency domain solution Ez is multiplied
by a time dependent factor ei2pin/n f , where n is an integer from
0 to n f , to obtain the time dependent behavior and to produce
animations with n f frames for one period of the electromagnetic
wave propagation.
The performance of the cloak can be measured with the mean
square error
 =
1
N
√
n∑
i=1
Ei − E siESi
2 (21)
of the difference between the electric field magnitude Ei
and the magnitude of the electric field produced by standalone
sources ESi in a point outside of the cloak. It is ensured that the
mesh is not changed when the scattering object and the cloak are
excluded from the calculations. Then the mean square error can
be easily generated comparing the electric fields with the same
mesh node number.
4 Illumination of the electromagnetic cloak
The simulations presenting the electromagnetic cloaking of
the copper cylinder are shown in Fig. 4 and Fig. 5. In Fig. 4.a
the field produced by the standalone line source is plotted. The
scattering of the electromagnetic wave from the standalone cop-
per cylinder (without the cloak) is presented in Fig. 4.b. The
simulation of Fig. 4.c shows the distribution of the electric field
when the copper cylinder is surrounded by the cloak with the ex-
act material parameters (5) and (6). For this case a small mean
square error is obtained, which shows that the concealment can
successfully hide the copper cylinder under line source illumi-
nation. For the reduced set of material parameters (12) the dis-
tribution of the electric field intensity is plotted in Fig. 4.d. In
this case the cloaking is not perfect; nevertheless it is in agree-
ment with the results of [7], where the cloaking with plane wave
illumination is studied. For the point source generating cylindri-
cal waves, the electric field distribution is presented in Fig. 5.a.
In Fig. 5.b the concealment under point source illumination is
demonstrated for the exact material parameters, while Fig 5.c
and Fig 5.d shows the field distribution of two interfering point
sources without and with the cloak. Comparing the simulations
presented in Fig. 5.a and Fig. 5.b or Fig. 5.c and Fig. 5.d, it can
be observed that the cloak works properly in the near field of the
sources as well.
5 Conclusion
We have presented a method, and derived the required math-
ematical expressions to simulate the electromagnetic cloaking
with the Matlab Partial Differential Equation Toolbox. Our soft-
ware implementing the presented procedure is freely available
online [19]. The algorithm and the animations presenting the
wave propagation around the cloaked object can be useful in ad-
vanced electromagnetic courses.
The results of the simulations show that the cloak with the
considered material parameters works properly not only under
plane wave illumination, but the invisibility is guaranteed for all
kinds of electromagnetic sources producing TE waves polarized
along the axis. Extrapolating the simulation results it can be
confirmed that the cloak can work properly in the near field of
antennas as well. In case of an object with finite volume the
elements of the material parameter tensors are more complicated
and a full three-dimensional simulation is required.
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